Abstract. In this work we consider the η-invariant for pseudodifferential operators of tensor product type, also called bisingular pseudodifferential operators. We study complex powers of classical bisingular operators. We prove the trace property for the Wodzicki residue of bisingular operators and show how the residues of the η-function can be expressed in terms of the Wodzicki trace of a projection operator. Then we calculate the K-theory of the algebra of 0-order (global) bisingular operators. With these preparations we establish the regularity properties of the η-function at the origin for global bisingular operators which are self-adjoint, elliptic and of positive orders.
Introduction
The theory of pseudodifferential operators is indispensible in the study of partial differential equations and index theory as they occur naturally when we consider differential operators and in the construction of parametrices of differential operators which are Fredholm. In the landmark papers of Atiyah and Singer (cf. [1] , [2] ) the authors consider tensor products of complexes of pseudodifferential operators. Such tensor products are no longer contained in the ordinary Hörmander's classes of pseudodifferential operators. Here the calculus of bisingular operators is the correct class which allows for a systematic treatment of tensor products while basic pseudodifferential techniques are still applicable. This class of operators contains tensor products of classical pseudodifferential operators as well as the external product of such operators. The bisingular calculus was introduced in 1975 by L. Rodino, [23] . In this paper we continue the study of the calculus. There are many questions still unresolved, for example it was outside the scope of the original papers of Atiyah and Singer to obtain an analogue of their index formula for pseudodifferential operators of tensor product type. The main difficulty lies in the operator valued nature of the principal symbols and the non-commutativity of the symbol space. Despite the importance of the index problem it is still unresolved (see also [21] for recent work). In the work of Atiyah, Patodi and Singer (cf. [3] ) on the index formula for manifolds which do possess a boundary, the η-invariant enters. The η-invariant can be defined in terms of a regularized trace of a given pseudodifferential operator (self-adjoint and of positive order). Roughly speaking and in mild cases the η-function measures the difference between the number of the positive and the negative eigenvalues of a given self-adjoint operator. In this connection Atiyah, Patodi and Singer considered the question of the regularity of the η-function at the origin and established such a result for particular cases. The complete solution was obtained later by Gilkey, [12] .
In the sequel we give an outline of the contents of this paper. The η-function for a self-adjoint, elliptic bisingular operator A is defined via the bisingular canonical trace η(A, z) := TR bising A|A| −z+1 , z ∈ C.
The η-function is meromorphic with poles of first and possibly second order. In the standard case it is an important and non-trivial result that the η function is regular and analytic at the origin z = 0. For a proof see e.g. Gilkey [12] , [13] as well as the exposition due to Ponge, [22] . We reiterate the definition of the spectral ζ-function and introduce the k-th Wodzicki residue for bisingular operators. It was defined in [21] as follows. For a given bisingular operator A ∈ Ψ m 1 ,m 2 cl (X 1 × X 2 ) we fix two positive, elliptic operators Q 1 ∈ Ψ 1 cl (X 1 ), Q 2 ∈ Ψ 1 cl (X 2 ) and set Wres 
Starting from this definition we show that Wres 2 represents a trace on Ψ C,C cl (X 1 × X 2 )/Ψ −∞,−∞ (X 1 × X 2 ) by adapting the argument of Wodzicki, see e.g. [16] . The proof of the regularity properties of the η-function relies ultimately on an important relationship between the residue of the η-function and the Wodzicki residue of certain projections. These projections Π + (A) are called sectorial projections in the non-selfadjoint case. The result can be stated (in our context) as follows for an elliptic bisingular pseudodifferential operator A of positive order which is self-adjoint
see also [26] . Hence this is expressed in terms of the Wodzicki residue of a projection operator in the pseudodifferential calculus. The formula above holds for the case of self-adjoint bisingular pseudodifferential operators. For two proofs that the sectorial projections of a classical elliptic pseudodifferential operator of positive order in the standard case is a pseudodifferential operator of order ≤ 0 we refer to [9] and [14] . Since we are in this note only concerned with the regularity of the η-invariant for self-adjoint operators we do not investigate the sectorial projection for non-selfadjoint operators in the bisingular class. Using our earlier results on the K-theory we prove that the Wodzicki residue of any projection operator is 0. This implies then the main result: The η-function for self-adjoint, positive order, elliptic bisingular operators can have at most first order poles at the origin. The paper is organized as follows. In Section 2 we recall elements of the theory of bisingular operator classes, the global calculus and the calculus for smooth compact manifolds. In the third section we calculate the K-theory for the norm completions of the algebra of global bisingular operators. Then in Section 4 we consider complex powers proving that the classical bisingular operators remain in the classical bisingular class if we take their complex powers. As a preparation for the discussions in the sequel we will introduce in Section 5 the canonical bisingular trace. In Section 6 we recall the definition of the bisingular Wodzicki residue and prove the trace property. We also define the spectral ζ-function and the η-function in this context. In the final section we give a proof of the holomorphicity properties of the η-function at the origin.
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Bisingular operators
2.1. Global calculus. In this section we introduce the terminology and notation for the rest of the paper. The global bisingular pseudodifferential calculus was introduced in the paper [6] and we recall the definition here. We denote by Γ m i cl (R n i ) for i = 1, 2 the usual classical Shubin classes of symbols (cf. [25] ) and by G m i cl (R n i ) the pseudodifferential operators (the quantized symbols in Γ
Definition 2.1. The class of bisingular symbols Γ m 1 ,m 2 (R n 1 +n 2 ) consists of smooth functions a : R 2n 1 +2n 2 → C with the following uniform estimates
Furthermore, we set
Given such a symbol a we have two maps
and
Hence
The subclass of bisingular classical symbols is denoted by Γ
and obtained by using in the above definition the classical Shubin classes. We will later give an alternative definition of classical symbols based on radial compactifications. We have two principal symbols
The principal symbols have the following properties for A ∈ G
Fix the notation σ R n 1 , σ R n 2 for the principal symbol map of G
cl (R n 2 ) respectively. Then define in each case the pointwise principal symbol maps
Note that by nuclearity we have
and the pointwise symbol maps are also given bỹ
The following compatibility condition holds
Definition 2.2. Let Σ m 1 ,m 2 be the set of all pairs
where
(R n 2 ) and for • R n 1 analogously.
We introduce the appropriate Sobolev spaces for bisingular operators. Definition 2.3. We define the Sobolev space as the completion
where the norm is given by
Here Λ s,t := Λ s n 1 ⊗ Λ t n 2 and Λ s n 1 , Λ t n 2 are invertible operators in the Shubin classes G s cl (R n 1 ) and G t cl (R n 2 ) respectively.
(R n 1 +n 2 ) then P has a continuous linear extension
Remark 2.5. It is not hard to show that we have the isomorphism
for the Sobolev spaces on R n i , i = 1, 2 where by⊗ we denote the completed projective tensor product.
2.2.
Smooth, compact manifolds. On smooth compact manifolds we define the calculus of bisingular pseudodifferential operators. We refer the reader to the paper [23] for the details.
such that we have the uniform estimates
(Ω 1 × Ω 2 ) denote the classical bisingular operators. In analogy to the last section we have the symbols defined for A ∈ Ψ
Additionally, the same compatibility condition (6) holds. We recall a definition of classical bisingular operators in terms of radial compactifications due to Nicola, Rodino [21] . For this embed R n i into S
The inverse is given by
z . We also define the maps RC i = Id ×RC i which act on the cotangent space T * Ω i = Ω i × R n i and map to S *
We therefore consider two manifolds with corners which each consist of two hypersurfaces. For the first case
and we fix the boundary defining functions denoted ρ 1 and ρ 2 1 .
1 i.e. ρi ≥ 0 are smooth such that {ρi = 0} =
and the 1-form dρi is nonvanishing on the corresponding boundary hypersurface for i = 1, 2.
For S * + Ω 1 × S * + Ω 2 we have the two boundary hypersurfaces
and we define the boundary defining functionsρ i := π * ρ i , i = 1, 2.
We obtain a commuting diagram
The boundary defining function ρ 1 is written
+ . We obtain the commuting diagram
The boundary defining function ρ 2 is written
+ . On the manifold with corners S * + Ω×S * + Ω 2 we define the induced smooth structure of the smooth manifold S * Ω 1 × S * Ω 2 . In particular we have the actions on functions coming from the radial compactification map and the inclusion i :
Given the actions on functions we obtain the commuting diagram
This puts us in a position to give another definition of classical bisingular operators.
Definition 2.7. The classical bisingular pseudodifferential symbols space for orders (m 1 , m 2 ) ∈ R 2 is defined as
The bisingular smoothing terms are identified with the smooth functions which vanish to all orders on the boundary hyperfaces.
. We can desribe the operator valued principal symbols for a given A = op(a). First letã ∈ρ with the coefficients defined on the boundary hypersurface {ρ 1 = 0}. Then consider the function
and extend this to a function
which is homogenous of degree j with regard to ξ 1 ∈ R n 1 \ {0}. The first principal symbol is then given by
). An analogous construction yields a definition of the second principal symbol σ j 2 (A). The so defined principal symbols are invariant under changes of coordinates as can be shown ( [23] ). We obtain in this way a calculus Ψ m 1 ,m 2 (X 1 × X 2 ) of pseudodifferential operators on two closed compact manifolds X 1 , X 2 . Fix a Riemmanian metric g i on X i for i = 1, 2 and define ξ = (1 + |ξ| 2 g i )
Definition 2.8. Let X 1 , X 2 be two closed, compact manifolds. We introduce the Sobolev space H s 1 ,s 2 (X 1 × X 2 ) as the space
With the norm
It is not hard to show that we have the isomorphism
for the Sobolev spaces on the manifolds X i which is a Hilbert space tensor product. In particular the usual continuity properties hold as well as the immediate analog of Prop. 2.4. Additionally, the space
is the projective limit of the scale of Sobolev spaces.
3. The K-theory 3.1. Comparison algebras. In this section we consider the C * -algebras obtained by completing the order (0, 0) bisingular pseudodifferential operators. We first discuss these algebras for the calculus on smooth, compact manifolds where it is understood that our results apply immediately also to the global bisingular calculus. For the algebras obtained from the global calculus we then calculate the K-theory explicitly.
and ⊗ denotes any completed C * -tensor product.
cl (X i ) yield the compact operators K i for i = 1, 2. To see this note that Ψ −1 cl (X i ) contains the smoothing operators Ψ −∞ which have a Schwartz kernel which is rapidly decreasing, hence contained in the Schwartz class S(X i × X i ). The rapidly decreasing functions are dense in L 2 (X i × X i ). Since operators with L 2 -kernel are Hilbert-Schmidt (HS) we obtain the inclusions
cl (X i ) ⊂ K i we refer to e.g. [25] . The inclusion HS i ⊂ K i is dense, hence the inclusion Ψ
The bisingular case is treated in exacly the same way, proving that
ii) This a folklore result which can be established by an elementary but tedious argument. Alternatively, it can be viewed as a special case of a tensor product property of groupoid C * -algebras (in this case applied to the pair groupoids X i × X i , i = 1, 2), see [18] . Note that this holds for any C * -tensor product by the nuclearity of the algebra of compact operators.
We make use of a technique which was introduced by H. O. Cordes [11] 
We have the following well-known result.
Theorem 3.2 (H. O. Cordes).
Let X 1 , X 2 be two smooth compact manifolds. The C * -completion of the 0-order classical pseudodifferential operators yield
Our goal is to define the corresponding comparison algebra for the bisingular operators of order (0, 0).
This leads to a corresponding result for bisingular operators.
Theorem 3.4. We have an isomorphism of C * -algebras
.
Proof. We have the inclusion
cl and U (X 1 × X 2 ) respectively. The actions have the same range Σ 0,0 ∼ = Σ, the completed symbol algebra (see [8] , Lemma 3.3). Hence the assertion reduces to the order (−1, −1)-case and this follows from Lemma 3.1 ii).
From the standard exact sequences
we conclude that the completed algebras Ψ 0 cl (X i ) are nuclear each (since the property of nuclearity is closed under extensions). Therefore it does not matter which C * -tensor product we are using. Additionally, it is clear by definition that 
). And similarly for the order ≤ 0 cases. We take the corresponding L(L 2 )-completions and obtain C * -algebras. Introduce the respective L(L 2 ) completions
cl . The results we obtained above carry over to this case with the same arguments. In particular we have the isomorphisms
We obtain the following K-theory 2 . Theorem 3.5. We have the following K-theory
Proof. Consider the short exact sequences induced by the extended principal symbol maps
Apply the six-term exact sequence in K-theory to obtain
Since A i contains the compacts and an element of index one (see e.g. [15] , Thm. 19.3.1) there is a non-unitary isometry which acts with regard to some fixed orthonormal basis. Therefore every finite rank projection in the compacts is stably homotopic to 0 and the map in K-theory induced by the inclusion j is the zero map. Hence the index mapping δ is surjective. Since the K-theory of the odd spheres is K 0 (C(
Since the K-theory groups are in particular torsion free we can apply Künneth's theorem in K-theory to obtain
Complex powers
In this section we recall the necessary terminology and assumptions for the study of complex powers of bisingular operators. Let Λ ⊂ C denote a sector in the complex plane. (X 1 × X 2 ) be a symbol. We say that a is Λ-elliptic if there is a constant R > 0 such that the following conditions hold. i) For each |v 1 | > R and λ ∈ Λ we have
iii) For all |v i | > R with i = 1, 2 and all λ ∈ Λ we have
In order to introduce complex powers we need to make an additional assumption (cf. e.g. [6] ).
is in particular invertible).
Then it is possible to define complex powers for bisingular operators. Definition 4.3. Let A be a bisingular operator fulfilling the assumption 4.2. Then set
with Λ ǫ := Λ ∪ {z ∈ C : |z| ≤ ǫ}. We set (X 1 × X 2 ) which admits complex powers we obtain an operator
iii) We recall the following estimates from [4] , Lem. 2.1, see also [19] . Let a be a given symbol which is assumed to be Λ-elliptic. For all K i ⊆ Ω i compact there is a constant c 0 > 1 such that for
we obtain that
We have the estimates
as well as
We are going to show that complex powers of the classical bisingular operators are again classical bisingular operators. The proof given here relies on the radial compactification and this method of proof works also in the SG-calculus (see [5] , Thm. 1.9).
such that A fufills assumption 4.2 and z ∈ C such that ℜ(z) < 0. Then the complex power operator A z is contained in Ψ
Proof. We fix the notation m = (m 1 , m 2 ), e = (1, 1) as well as R m :
f . By the Cauchy integral formula we obtain
We want to show that a z ∈ S mz cl . First consider
It is our aim to prove that [a
. To this end we calculate
. By the previous remarks we have the estimate (in radial coordinates)
Hence we obtain that (
. Using the parametrix construction in the bisingular calculus we write first
which equals by the Cauchy integral formula
Recall that
In particular using the asymptotic expansion argument in the parametrix construction (as in the proof of Thm. 1.9 in [5] )
The cases
are proven using the theory of complex powers of pseudodifferential operators on closed manifolds. Finally, the case (a m − λ) −1 λ z dλ = b mz ∈ S mz cl was already established. We have therefore shown that a z ∈ S mz cl .
The bisingular canonical trace
The so-called canonical trace for classical pseudodifferential operators was introduced by M. Kontsevich and S. Vishik, see [17] . In this section we outline this construction for the bisingular pseudodifferential operators, thereby obtaining a definition of a canonical trace functional for bisingular operators (i.e. the bisingular canonical trace TR bising ). Let E i → X i , i = 1, 2 be two smooth, hermitian vector bundles and let A ∈ Ψ α,β cl (X 1 × X 2 , E 1 ⊠ E 2 ). Denote by K(x 1 , x 2 , y 1 , y 2 ) the distributional Schwartz kernel of A and by a ∈ S α,β cl (X 1 × X 2 , E 1 ⊠ E 2 ) the symbol. In parallel to the construction in [17] we consider the difference of the Schwartz kernel K (restricted to diagonals of local charts) and the Fourier transforms of the first N i + 1, N i ≫ 1 for i = 1, 2 bihomogenous terms a α,β , a α−1,β−1 , · · · , a α−N 1 ,β−N 2 . We can write
Here a is positive homogenous in
Now we consider the (bihomogenous) difference
For N 1 , N 2 > 0 sufficiently large (7) defines a continuous function on (
We define the density t U ×V (A) as the restriction of the difference (7) to the diagonals ∆ U × ∆ V . The integral density t U ×V (A) restricted to the diagonals ∆ U × ∆ V takes values in End(E 1 ⊠ E 2 ).
Definition 5.1. The bisingular canonical trace is defined as the integrated density
The definition is independent of local coordinates in X 1 × X 2 by the same argument as in [17] . If the real parts of the orders of A are less than (−n 1 , −n 2 ) we obtain the trace
We can now state the analogues of Lemma 3.1, Lemma 3.2 and Theorem 3.1 of [17] (the proofs being analogous as well). In the main theorem we use the notation Wres 2 for the bisingular Wodzicki trace as introduced in [21] , p. 195, see also Def. 6.4 on p. 15 of the next section.
sufficiently large. Hence the restriction to the diagonals of the density t U ×V (A) makes sense.
Lemma 5.4. The density t U ×V (A) with values in End(E 1 ⊠ E 2 ) is for large N 1 , N 2 independent of local coordinates in X 1 × X 2 and of local trivializations of E 1 ⊠ E 2 .
Theorem 5.5. The linear functional
and α 0 ∈ C \ Z, β 0 ∈ C \ Z has the following properties:
(3) For any doubly holomorphic family A(z, w) of classical bisingular pseudodifferential operators on X 1 × X 2 and z ∈ U ⊂ C, w ∈ V ⊂ C with ord A(z, w) = (z, w), the function TR bising A(z, w) is meromorphic with poles at z = m 1 ∈ U ∩Z, w = m 2 ∈ Z∩V . The residues are
Res z=m 1 Res w=m 2 TR bising (A(z, w)) = −Wres 2 A(z, w).
The Wodzicki trace
In the following discussion we define the bisingular Wodzicki residue and recall the trace property. At first we state a folklore result which is easily adapted to the bisingular calculus.
The trace is given by
where ∆ ⊂ (X 1 × X 2 ) 2 denotes the diagonal and K is the Schwartz kernel of A.
We use the notation Tr = TR bising for the canonical trace which extends the trace in the previous Proposition.
(X 1 ×X 2 ) be an operator which fulfills the assumption 4.2. Then the spectral ζ-function is given by
where ℜ(z)m 1 < −n 1 , ℜ(z)m 2 < −n 2 . Here K A z denotes the kernel of the complex power operator A z .
Additionally, we fix the set of simple poles of the spectral ζ-function as follows
Note that ζ can have poles of order two, namely this can occur if
, see also [4] , Theorem 2.3. For the definition of the Wodzicki residue we have to consider doubly parametrized holomorphic families of operators (A(z, τ )) (z,τ )∈C 2 as in [21] . 
Furthermore, it can be extended to a meromorphic function with at most simple poles at z = n 1 + m 1 + j, τ = m 2 + n 2 − k where j, k ∈ N 0 .
We fix the notation Res k for the k-th residue. Let f be a meromorphic function with Laurent series expansion f (z) = j≤−µ c j z −j , we set
cl (X i ) are positive elliptic operators, i = 1, 2. In the case k = 2 we call Wres 2 the bisingular Wodzicki residue. 
These functionals do not represent a trace on Ψ 
The functionals Tr 1 and Tr 2 which are the restrictions ofTr 1 ,Tr 2 to Ψ Z,−n 2 −1 cl
respectively do not depend anymore on the choice of Q 1 and Q 2 (see [21] , Remark 3.4).
In [21] , Thm. 3.3. it was shown that the bisingular Wodzicki residue can be expressed solely in terms of the scalar principal symbol in the following sense. (X 1 × X 2 ) be a classical bisingular pseudodifferential operator, then
In particular the definition of Wres does not depend on the choice of the operators Q 1 and Q 2 .
The following Theorem and its proof is adapted to the bisingular context from a result of M. Wodzicki, see [16] , Prop. 1.3.
Theorem 6.7. The bisingular Wodzicki residue Wres 2 is a trace on Ψ
Proof. First rewrite Wres 2 in terms of the spectral ζ-function (cf. [24] ) as follows
for an elliptic operator P ∈ Ψ
and z ∈ (−1, 1). Under the assumption that A is elliptic and invertible we obtain
In general we can set A(z, z) = A + z(I + Q 1 )
for positive, elliptic Using the trace property of the bisingular Wodzicki residue, 6.7 we obtain the following result (see also [22] , Prop. 2.4).
Lemma 6.9. For a given selfadjoint, elliptic bisingular operator A the η-function η(A, z) is holomorphic outside P ζ and on P ζ has at worst order two pole singularities such that
Here F := A|A| −1 is the sign-operator.
Proof. This follows from Theorem 5.5.
denotes a classical bisingular pseudodifferential operator on smooth compact manifolds X 1 , X 2 which is self-adjoint of orders m 1 > 0, m 2 > 0 we designate by the indices ↓ the spectral cut in the lower halfplane ℑλ < 0 and by ↑ the spectral cut in the upper halfplane ℑλ > 0. We fix the notation Π ± (A) for the projection onto the positive respectively negative eigenspace of A.
Theorem 6.10. Let A be a self-adjoint, classical bisingular operator with assumption 4.2. Then for k ∈ N we have the identity
Proof. The proof is adapted to our case from [22] . For A = A * selfadjoint we set F = A|A| −1 for the sign-operator of A. This can also be written
Then from the definition of η it follows that we can write
Regularity of the η-invariant
In order to derive the main result we need to establish algebraic topological properties of the bisingular class. For this we state the following result (cf. also [10] or [8] 
C k×l ) be a linear isomorphism. We need to prove that A is in particular invertible in G for R i a smoothing operator. Then observe that
where the inverse on the right-hand side denotes the inverse in the bounded operators on L 2 . Hence we have shown that
which verifies the Ψ * -property.
) and denote by σ(A) the spectrum of A considered as an operator in L(L 2 (R n 1 × R n 2 ). Denote by γ a curve around σ(A) within an open set Ω ⊂ C. By the above result we know that A is invertible if A ∈ invL(L 2 ). Since (R n 1 +n 2 , L(C k×l )) be a self-adjoint, elliptic operator with m 1 , m 2 > 0. Assume that Λ is contained either in the upper half-plane {z ∈ C : ℑ(z) > 0} or the lower half-plane {z :∈ C : ℑ(z) < 0}. Then the symbol A fufills the assumption 4.2.
Proof. 1) Consider first the joint principal symbol. We have σ m 1 ,m 2 (A * ) = σ m 1 ,m 2 (A) = σ m 1 ,m 2 (A) * , hence the spectrum is contained in R. This implies that the first condition needed for Λ-ellipticity holds. Next it holds that σ 1 (A * ) = σ 1 (A) * = σ 1 (A), hence the principal symbol is self-adjoint valued. The same holds for the second principal symbol. Therefore the second and third condition hold as well. Hence we have verified part i) of the assumption 4.2.
2) From the self-adjointness of A it follows that the spectrum σ(A) is contained in R. Hence σ(A) ∩ Λ = ∅ which verifies part ii) of the assumption 4.2. 
In particular we see that
The latter trace is zero which can be seen by expressing the trace in terms of the asymptotic expansion which only depends on the a −n 1 ,−n 2 term by an application of Theorem 6.6 which carries over for the global bisingular operators. Hence K 0 (Wres 2 ) = 0 and thus Wres 2 (p) = 0 for any idempotent p in G 0,0
cl . Since the double residue of the η function is expressed as the Wodzicki residue of an idempotent (cf. Lemma 6.9) we obtain that the double residue vanishes. Therefore η does not have poles of second order in z = 0.
Concluding remarks
The previous arguments can be easily adapted to the SG-calculus. In particular it is known that the classical SG-class is closed under complex powers (cf. [5] , [19] ). Additionally, we can define the η-function and adapt the proof of this paper to the SG case. The K-theory of completed SG-operators has been calculated in [20] . We have in this paper restricted discussion of the regularity of the η-function to the global calculus. It is a future goal to also study the regularity properties for the bisingular calculus on closed manifolds. In this case more advanced techniques are needed.
